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Abstract
A general Werner-type state is studied from two viewpoints: (i) an application of
dynamical interaction of the objective system with its environment, represented by a
unital positive operator-valued measure (POVM), which ensures increase of entropy,
makes the system evolve from an initial pure state to a mixed state of the Werner type,
and (ii) the space of the objective system is constrained to have a given value of the
fidelity. Then, the maximum entropy principle is shown to yield the Werner-type state
as a canonical ensemble with the projector Hamiltonian. This novel observation is
illustrated by examples of bipartite systems, the separability criteria on which are given
in terms of the values of temperature. The present viewpoint may cast light on relevance
of thermostatistics to the physics of quantum entanglement. In addition, the POVM
scheme presented here offers a way of experimentally generating the Werner-type
thermal states.
PACS numbers: 03.65.Ud, 03.67.-a, 03.67.Bg
2In quantum information theory and technology [1], there are at least two issues of
great current interest. One is to control decoherence and decay of a pure state to a mixed
state. The other is to understand quantum entanglement and separability criteria for
density matrices of multi-partite systems [2].
In this article, we study a special class of mixed states termed the Werner-type states
and present a novel viewpoint that amalgamates the twin concepts of mixedness and
separability. We consider “thermalization” of the open objective system based on a
dynamical approach and replace the effects of the hidden environment with quantum
operations represented by positive operator-valued measures (POVMs) [1]. We then
show that both this scheme and the maximum entropy principle [3] with the constraint
on the fidelity [4] lead to the Werner-type states. In this way, we are able to address the
problems of both separability of a density matrix of the objective system and decay of a
pure state to a mixed state from the statistical-mechanical point of view. We explicitly
describe these concepts by employing the Werner state of the two-qubit system [5] and
the ( ) ( )2 1 2 1j j+ × +  rotationally invariant states [6] as well.
Let us start our discussion with considering an arbitrary n-partite system as the
objective system whose Hilbert space is d-dimensional. There are two particular states
of this system: one is the pure state, ρ ψ ψ0 =  with ψ  being a certain normalized
entangled state vector in the Hilbert space (e.g., the ground state of a many-body
system), the von Neumann entropy (discussed later) of which is zero, and the other is
3the completely mixed state, ρ1 = I d/  (I being the identity matrix) having the
maximum value of the entropy. Then, construct the mixture of these two extreme states,
i.e., their convex combination
˜ ( )ρ ρ ρ= + −x x0 11 , (1)
where x ∈[ , ]0 1 . ρ˜  is referred to here as the Werner-type state with an entangled pure
state, ρ 0 . One parameter families of density matrices having the form in Eq. (1) play an
important role in understanding the physics of quantum entanglement in mixed states.
There may be a specific value of x, say x S , below which ρ˜  is separable, that is, ρ˜  can
be written as follows:
˜
( ) ( ) ( )ρ ρ ρ ρλ
λ
λ λ λsep = ⊗ ⊗ ⋅⋅ ⋅⊗∑ p n1 2 , (2)
where ρλ( )i  is the state of the ith partite, pλ ∈[ , ]0 1 , and pλλ∑ = 1. A state, which is
not separable, is said to be entangled. In practice, it is a difficult problem to find x S
[2,7,8].
A state like that in Eq. (1) can experimentally be realized [9,10], and therefore it has
a definite physical importance. We first observe that the density matrix in Eq. (1) is of a
thermal state. This is because it can be recast in the following canonical form:
4˜
( )ρ β
β
=
−
1
Z
e H , (3)
whereβ  is the inverse temperature T −1 with the unit Boltzmann constant, and H and
Z ( )β  are the projector Hamiltonian and the partition function given by
H g= − ψ ψ , (4)
Z e H( )β β= −Tr
= − +d e g1 β , (5)
respectively, where g is taken to be a positive coupling constant with the dimension of
the energy. A general consideration of exponential distributions as in Eq. (3) has been
developed in Ref. [11].
Eq. (3) is, in fact, identical to Eq. (1) if the following identification is made:
x
e
d e
g
g=
−
− +
β
β
1
1
. (6)
Therefore, the value of the temperature corresponding to the separability point is
T g
x d
x
S
S
S
=
+
−



ln 1 1
, (7)
provided that x S  depends on d, in general. We mention that discussions about
5separabilities of thermal states were made in recent works in Refs. [12,13].
The equivalence between Eqs. (1) and (3) is quite straightforward. To our knowledge,
however, this has not been noticed earlier in the literature.
We would like to make the following comments here. It is well known that the
thermal state at zero temperature is determined by the lowest eigenstate of the system
Hamiltonian, H, such that H Eψ ψ0 0 0=  with E0  being the ground-state energy.
One may write the Hamiltonian in terms of the complete set of its complete orthonormal
eigenstates as follows: H E Eii i i= + ≠∑0 0 0 0ψ ψ ψ ψ , where we have isolated
the ground-state term for emphasis. In the case when the energies of the excited states
are much larger than that of the ground state (such as particles confined in a very small
container), the system is effectively described by the dynamics of the lowest mode, that
is, the projector Hamiltonian H E≅ 0 0 0ψ ψ . In this way, the pure state density
matrix, ρ ψ ψ0 =  introduced above and the projector Hamiltonian in Eq. (4) (with
E g0 ≡ − ) can physically be interpreted. Embedding such a system in the heat bath
entails interaction, which converts the pure state into a mixed state. This state change
may be represented by a non-unitary quantum operation, which is a “heat-up operation”.
On the other hand, we observe that the thermalization of the pure state ρ 0  naturally
arises from the maximum entropy principle [3] under the constraint on a value of the
fidelity [4]. Such a constraint maintains “propensity” of the mixed state to be close to
ψ  as expressed in Eq. (9) below. More explicitly, let us consider the maximization of
6the von Neumann entropy
S[ ] ( ln )ρ ρ ρ= −Tr (8)
under the constraints on the expectation value of the projector Hamiltonian, which is in
fact the fidelity (see Refs. [14-16])
F = ψ ρ ψ (9)
as well as the normalization condition, Trρ = 1. The variation of the functional
Σ[ : , ] [ ]ρ α β ρ α ρ β ψ ρ ψ= − −( ) + −( )S g FTr 1 (10)
with respect to ρ  yields the state in Eq. (1), where α  and β  are Lagrange’s
multipliers, and α  is to be eliminated by the normalization condition. The result is
ρ˜ ψ ψ= −
−
+
−
−
F d
d
F
d
I1
1
1
1
, (11)
where
F e
d e
g
g=
− +
β
β1
  =
+ −1 1( )d x
d
. (12)
Now, we consider the effect of the hidden environment on the objective system as a
7linear, positive, and trace-preserving map. Such a map is given in terms of the set of
operators, Vk{ }, as follows:
ρ ρ ρ→ =∑Φ( ) V Vk
k
k
†
, (13)
with the trace-preserving condition
V V Ik k
k
†∑ = . (14)
The set V Vk k k
†{ }  is a positive operator-valued measure (POVM). What we are
interested in here is a subclass of POVM termed unital POVM [17,18], which satisfies
not only Eq. (14) but also the following condition:
V V Ik
k
k∑ =† . (15)
This map has two physically important properties, viz. (a) the completely mixed state is
its fixed point:
Φ( )I I= , (16)
and (b) it ensures increase of the entropy [17-19]:
8S S[ ( )] [ ]Φ ρ ρ≥ . (17)
Thus, a unital POVM maps a pure state, ρ ψ ψ0= , to the completely mixed state,
ρ1 = I d/ , with the monotonic increase of the entropy. It should be noticed that there is
freedom in representing such an operation.
However, the question is if such an operation varies the pure state to the completely
mixed state along the curve of the convex combination in Eq. (1). It seems that there is
no general answer to this question. However, below, we would like to present simple
but nontrivial examples that show that it is indeed the case.
The first example is the Werner state [5] of a two-qubit system, ( , )A B . The
Heisenberg Hamiltonian describing such a system reads H J A B= ⋅σ σ  with a positive
coupling constant J, the ground state of which is ρ 0 = − −Ψ Ψ  with the Bell state
Ψ− = −( )1 0 0 1 2( ) ( ) ( ) ( ) /A B A B  having the energy −3 J . The corresponding
thermal state is given by
˜ ( ) ( ) ( )ρW A Bx x
x I I= + − ⊗− −Ψ Ψ 1
4
, (18)
which is in fact the Werner state, where I IA B( ) ( )( ) is the identity matrix of A (B) and
x ∈[ , ]0 1 . The fidelity of this state with respect to Ψ−  is given by F xW = +( ) /1 3 4,
and the separability point of this state is at x S = 1 3/  [7]. Consider the following unital
POVM:
9V x x I IA B0
1 3
2
( ) ( ) ( )= + ⊗ , V x x I A xB1
1
2
( ) ( ) ( )= − ⊗σ ,
V x x I A y
B
2
1
2
( ) ( ) ( )= − ⊗σ , V x x I A z B3
1
2
( ) ( ) ( )= − ⊗σ , (19)
or the interchange, A B↔ , of these, where σ ’s are the Pauli matrices. The map, Φ x ,
associated with this POVM takes the “initial” pure Bell state, ρ 0 = − −Ψ Ψ , to the
mixed state, ρ˜W :
ρ ρ ρ ρ0 0 0
0
3
→ = =
=
∑Φ x k k
k
WV x V x x( ) ( ) ( ) ˜ ( )† . (20)
This can be seen as a heat-up operation, and Φ x x ∈{ }[ , ]0 1  forms a one-parameter
Abelian semigroup. A successive application of this map yields
⋅ ⋅ ⋅∗ ∗ ∗( ) = ⋅ ⋅⋅Φ Φ Φx x x W x x x3 2 1 0 1 2 3( ) ˜ ( )ρ ρ . (21)
Clearly, such a successive operation can traverse through the separation point,
x S = 1 3/ , corresponding to the temperature, T gS = / ln3. Ultimately, it transforms the
pure Bell state, ρ 0 = − −Ψ Ψ , to the completely mixed state, ρ1 4= ⊗I IA B / , unless
xi = 1 ( i = 1 2 3, , , ...). Thus, we have established the thermalization of the Bell state.
The above discussion has an immediate implication towards experimentally
generating Werner-type states, with different fidelities, via the POVM scheme
illustrated, which is different from those given in Refs. [9,10].
We present an interpretation of the above results by considering the coupled unitary
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evolution of the objective system and the environment (which is initially uncorrelated)
resulting in a general scheme of quantum dynamical operation: ρ ρsystem system→Φ( )
= ⊗ = ∑Trenv system env † system †[ ]U U V Vkk kρ ρ ρ . Take an initially uncorrelated pure state
of the N bipartite systems, χ = ⋅ ⋅ ⋅− − −Ψ Ψ Ψ
1 2 N
. Here, one of the Bell states, say,
Ψ−
1
, is regarded as the state of the objective system and the rest play the role of the
environment. A nonlocal unitary transformation, U, associated with a POVM map on the
state of the objective system, Ψ−
1
, leads to an entangled state of the total system:
U x c xk
k
k k k
N
( ) ( ) ( ) ( ) ( )χ φ φ φ= ⋅ ⋅ ⋅
=
∑
0
3
1 2
, (22)
where φ ( )
, , ,
, , ,
k
k{ } ≡ { }= − + − +0 1 2 3 Ψ Ψ Φ Φ  are the Bell basis,
Ψ± = ±( )1 0 0 1 2/ , Φ± = ±( )1 1 0 0 2/ , and
c x
x
0
1 3
2
( ) = + , c x c x c x x1 2 3
1
2
( ) ( ) ( )= = = − (23)
are the Schmidt coefficients, which characterize system-environment entanglement.
Upon tracing over the environmental degree of freedom, the state of the objective
system experiences a quantum dynamical operation and becomes thermal as desired:
˜ ( ) ( ) ( ) ( ) ( ) ( ) ( )ρ χ χ φ φ1 env †( ) = TrW k
k
k kx U x U x c x[ ] =
=
∑ 2
0
3 1 1
. (24)
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In a particular case when c c c c0 1 2 3 1 2= = = = / , the system is in the completely
mixed state. This reveals that the iterative unital POVM map has its fixed point as the
completely mixed state, corresponding to the maximally entangled state of the total
system.
Another example we discuss here involves the rotationally invariant state [6] of a
two-qudit system (A, B) with d j= +2 1. The state is defined by
˜ ( ) ( ) ( ) ( )
( ) ( )ρ rot inv− = +
−
+
⊗x x jj jj xj I I
A B00 00 1
2 1 2
(25)
with x ∈( , )0 1 , where the bipartite singlet state ( )jj 00  is given in terms of the
subsystem angular momentum states, j m, , as
( ) ( ) , ,( ) ( )jj j j m j m
j m
m j
j
A B00 1
2 1
≡
+
− −
−
=−
∑ . (26)
The fidelity of the state in Eq. (25) with respect to ( )jj 00  is given by
F x j xrot inv− = − + +( ) / ( )1 2 1 2 . Its concurrence is related to the fidelity by [20]
C
F j
j j F j j F
( ˜ )
/ ( )
( ) / / ( ) / ( )
ρ rot inv− =
< +( )
+ − +[ ] + ≤ ≤( )



0 1 2 1
2 1 1 2 1 1 2 1 1
, (27)
and the state is separable if F j≤ +1 2 1/ ( )  [21]. Clearly, the state in Eq. (25) is a
thermal state, ˜ / ( )ρ ββrot-inv = −e ZH , with H g jj jj= − ( ) ( )00 00  being the lowest
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mode of the Heisenberg Hamiltonian of a j-state system, where
Z j e g( ) ( )β β= + − +2 1 12  and F e Zg= β β/ ( ) . The separation temperature reads
T g jS = +/ ln( )2 2 .
We now construct a unital POVM for the above-mentioned state as follows. Consider
a complete orthonormal set, ( ) , , ..., ;jj JM J j J M M= − ≤ ≤{ }0 1 2 , in the Hilbert
space of the bipartite system. The operator defined by
v I I jj JM jj jj jj JMJ M A B= ⊗ + +( ) ( ) ( ) ( ) ( ) ( )00 00
− −( ) ( ) ( ) ( )jj jj jj JM jj JM00 00 (28)
possesses the following properties: v vJM JM
†
= , v I IA B00 = ⊗
( ) ( )
, v v v vJM JM JM JM
† †
=
= ⊗I IA B( ) ( ) , and v jj jj JMJM ( ) ( )00 = . The required unital POVM is then given in
terms of
V a v J j J M JJM JM JM= = − ≤ ≤{ }0 1 2, , ..., ; , (29)
where a JM ’s are real coefficients satisfying a JMJ M
2 1
,
∑ = . With a further choice of
the parameters
a a x
j x
j00
21 2 1 1
2 1
= =
+ + −
+
( ) [( ) ] , a b x xjJM = =
−
+
( ) 1
2 1
( , , ..., ; )J j J M J= − ≤ ≤1 2 2 (30)
such that a x j b x2 2 22 1 1 1( ) [( ) ] ( )+ + − = , we find that the map, Φ x , associated with
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this unital POVM transforms the pure state, ρ 0 00 00= ( ) ( )jj jj , to the thermal state
in Eq. (25), as desired:
ρ ρ ρ ρ0 0 0→ = =∑ −Φ x JM
J M
JMV x V x x( ) ( ) ( ) ˜ ( )
,
†
rot inv . (31)
As in the preceding two-qubit example, the set Φ x x ∈{ }[ , ]0 1  forms an Abelian
semigroup, and a successive application of the map Φ x  traverses through the
separation point, finally reaching the fixed-point completely mixed state, in the same
manner as illustrated in Eq. (21). Also, a nonlocal unitary transformation of the state of
the total system-environment state, χ = ⋅ ⋅ ⋅( ) ( ) ( )jj jj jj N00 00 001 2  with ( )jj 00 1
representing the state of the objective system and the rest forming the environment,
such that U x a x jj JM jj JM jj JMJMM J
J
J
j N( ) ( ) ( ) ( ) ( )( ) ( ) ( )χ = ⋅ ⋅ ⋅
=−=
∑∑ 02 1 2 , gives
the thermal state in Eq. (25) as the state of the objective system, when partial trace over
the environmental degrees of freedom is performed, as in the previous example. The
eigenvalues, a x2 ( )  and b x2 ( )  [with degeneracy ( )2 1 12j + − ] of ˜ ( )ρ rot inv− x  thus get
interpreted as the Schmidt coefficients characterizing system-environment
entanglement.
Finally, we would like to point out that the present scheme may be accomplished
experimentally. In fact, possible experimental implementation of POVM operations on
physical systems has recently been gaining attention [22].
To summarize, starting from the observation that a unital POVM map transforms a
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pure state to a mixed state, we have constructed the Werner-type states and shown in
view of the maximum entropy principle with the projector Hamiltonians that they are
actually thermal states. In particular, we have given details of the scheme for explicit
examples of the two-qubit and two-qudit systems embedded in the symmetric
environments and discussed their separability conditions in terms of the values of
temperature. A confluence of three concepts, viz. the maximum entropy principle, unital
dynamical POVM maps, and system-environment entanglement, play a unified role
together in establishing thermalization of pure states to the Werner-type states. As
already emphasized earlier, the present discussion may cast new light on possible roles
of thermostatistics in deeper understanding of the physics of quantum entanglement
[23].
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